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We predict that a temperature gradient can induce a magnon-mediated spin Hall response in
an antiferromagnet with non-trivial magnon Berry curvature. We develop a linear response theory
which gives a general condition for a Hall current to be well defined, even when the thermal Hall
response is forbidden by symmetry. We apply our theory to a honeycomb lattice antiferromagnet
and discuss a role of magnon edge states in a finite geometry.
Understanding spin transport in nanostructures is a long-
standing problem in the field of spintronics [1–3]. The
discovery of the spin Hall effect [4–10] has been extremely
important as it has led to many important developments
in spintronics [11], such as the quantum spin Hall effect
[12, 13], the spin-orbit torque [14–16], and the spin See-
beck effect [17–19]. In the instrinsic spin Hall effect, the
time reversal symmetry prohibits the transverse charge
current but allows the transverse spin current originat-
ing from the non-trivial Berry curvature of electron bands
[7, 8]. The quantization of the intrinsic spin Hall effect
can be characterized by the topological Chern number
and is accompanied by the existence of topologically pro-
tected edges in the finite geometry [20]. On the other
hand the quantum spin Hall effect can be characterized
by the Z2 topological invariant [12, 13].
The thermal Hall effect carried by magnons has been
experimentally observed in collinear ferromagnets such
as Lu2V2O7, Ho2V2O7, and In2Mn2O7 with pyrochlore
structure [21, 22]. It has been understood that the
Dzyaloshinskii-Moriya interaction (DMI) leads to the
Berry curvature of magnon bands and to the transverse
with respect to the external temperature gradient energy
current [23–26]. The same effect has also been observed
in kagome ferromagnet Cu(1−3,bdc) [27]. The existence
of magnon edge states and tunable topology of magnon
bands have been discussed theoretically [24, 25, 28–31].
The spin Nernst effect (SNE) has been theoretically stud-
ied in Ref. [32] for a kagome lattice ferromagnet. Topo-
logical properties of honeycomb lattice ferromagnet were
addressed in Refs. [33–35].
It has been recently realized that antiferromagnets are
promising materials for spintronics applications [36]. In
Refs. [37, 38] the spin Seebeck effect has been studied
in antiferromagnets. In Ref. [39] it has been shown that
the Berry curvature can result in non-zero thermal Hall
effect carried by magnons in magnets with dipolar inter-
action and in antiferromagnets. However, SNE in anti-
ferromagnets has not been addressed as all of the studies
of anomalous magnon-mediated spin transport in mag-
netic materials have so far been done in ferromagnetic
systems.
In this paper, we study SNE in antiferromagnets with
Neel order. We first derive a general operator that has
a well defined current in a general antiferromagnet. We
then develop a linear response theory for such a current
using the Luttinger approach of the gravitational scalar
potential [40, 41]. It is shown that the response is driven
by a modified Berry curvature of magnon bands. We
then apply our findings to antiferromagnets with Neel
order where a well defined current corresponds to the
spin density. Various realizations of antiferromagnets
with honeycomb arrangement of magnetic atoms have
been suggested recently [42–46]. We consider a single-
and bi-layer honeycomb antiferromagnets with antiferro-
magnetic interlayer coupling where the nearest neighbor
exchange interactions and the second nearest neighbor
DMI are present (see Fig. 1). We show that both models
possess the magnon edge states in the finite geometry and
discuss their role for SNE. For a single layer, we observe
an interplay between the Berry curvature due to the lat-
tice topology and DMI and find that the Berry curvature
is not of the monopole type, contrary to a ferromagnet on
a honeycomb lattice [34, 35]. We also find that SNE can
be present in antiferromagnets that are invariant under
(i) a global time reversal symmetry (e.g. Fig. 1, right)
or under (ii) a combined operation of time reversal and
inversion symmetries (e.g. Fig. 1, left) which prohibits
the thermal Hall response derived in [39].
Current in antiferromagnet. Here we assume a general
model of antiferromagnet insulator with a magnetic unit
cell having N sites. The Hamiltonian of such a sys-
tem is of Heisenberg type with exchange interactions,
DMI, anisotropies and others. Assuming that we know
the order of the system, we study the magnon excita-
tions around that order. The Holstein-Primakoff trans-
formation from spins to boson operators can be em-
ployed to study the magnons (see [47] for example).
In this way, the boson operators νj(r) and ν
†
j (r), with
j ∈ (1, N), correspond to jth element of the magnetic
unit cell. The operators satisfy commutation relation-
ship [νi(r), ν
†
j (r
′)] = δijδrr′ . We then proceed to write a
general form of a Hamiltonian describing the magnons,
H0 =
1
2
∫
drΨ†(r)HˆΨ(r). (1)
Since this Hamiltonian describes magnons of an anti-
ferromagnet, it will necessary contain pairing terms of
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2boson operators. One must then extend the space of
the Hamiltonian, such that the spinor Ψ(r) is written as
Ψ(r) = [ν1(r), ..., νN (r), ν
†
1(r), ..., ν
†
N (r)]
T.
The Hamiltonian in k−space can be diagonalized with
a help of a paraunitry matrix Tk, such that
T †kHˆkTk = εk =
[
Ek 0
0 E−k
]
, (2)
where Ek is a N ×N diagonal matrix of eigenvalues. Pa-
raunitarity of the matrix Tk means that it has to satisfy
a condition T †kσ3Tk = σ3.
We will be interested in responses of the system to
external temperature gradient. To treat the temperature
gradient we adopt the Luttinger method [40] and add
gravitational potentials to the Hamiltonian as
H =
1
2
∫
drΨ˜†(r)HˆΨ˜(r), (3)
where Ψ˜(r) =
(
1 + r∇χ2
)
Ψ(r) with ∇χ being the tem-
perature gradient with χ(r) = −T (r)/T .
Let us now introduce an arbitrary operator Oˆ acting
in the Hilbert space of the studied system. Density of
such an operator is O(r) = 12Ψ†(r)OˆΨ(r). Time evolu-
tion of the density is derived through a commutator with
total Hamiltonian as, see Supplemental Material (SM)
for details, follows
∂O(r)
∂t
= i[H,O(r)]
= −1
2
∇Ψ˜†(r)
(
vˆσ3Oˆ + Oˆσ3vˆ
)
Ψ˜(r)
− i1
2
Ψ˜†(r)
(
Oˆσ3Hˆ − Hˆσ3Oˆ
)
Ψ˜(r), (4)
where vˆ = i[Hˆ, r] is the velocity operator, and σ3 is the
third Pauli matrix operating in the extended space of
the Hamiltonian (1). In deriving we assumed that the
operator Oˆ commutes with the position operator. From
(4) we observe that for the current of an operator Oˆ to
be well defined, a
Oˆσ3Hˆ − Hˆσ3Oˆ = 0 (5)
condition must be satisfied by the operator Oˆ. Other-
wise the quantity associated with the density O(r) will
not be conserved in our system. Let us assume we have
found such an operator that satisfies the condition (5),
the current associated with this operator is then defined
as
jO(r) = Ψ˜
†(r)Oˆσ3vˆΨ˜(r). (6)
Let us now calculate the response of the Oˆ−operator
current to the temperature gradient. We will be work-
ing with the macroscopic currents, defined as JO =
-0.04
-0.02
0
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0.04
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FIG. 1. (Color online) Left: Magnon spectrum of a single
layer antiferromagnet with DMI D = 0.1J (black arrows cor-
respond to ν sign convention of DMI), with schematics of
the lattice and order in z−direction in the bottom. Right:
Magnon spectrum of antiferromagnet on a bilayer honeycomb
lattice. Parameters are chosen to be J ′ = J and D = 0.1J .
In both cases the distribution of the Berry curvature over the
Brillouin zone is plotted by the color distribution on top of
the spectrum for one of the degenerate subbands.
1
V
∫
drjO(r), where V is volume of the system. Note
that the current consists of unperturbed part J
[0]
O =
1
V
∫
drΨ†(r)Oˆσ3vΨ(r) and a perturbed by a temperature
gradient J
[1]
O =
1
2V
∫
drΨ†(r)Oˆσ3 (rβvˆ + vˆrβ) Ψ(r)∇βχ
part. Both of them must be used to calculate linear re-
sponse to the temperature gradient. The total current
is
JO =
〈
J
[0]
O
〉
ne
+
〈
J
[1]
O
〉
eq
. (7)
The first term is evaluated with respect to nonequilib-
rium states and can be conveniently captured by the
Kubo linear response formalism. Second current corre-
sponds to orbital magnetization in the system and it is
evaluated with respect to equilibrium state. To calculate
the latter, we adopt Smrcka and Streda approach [48]
and adopt derivations presented in [39]. It is important
to note that the velocity written in the diagonal basis as
v˜αk = T
†
k vˆαTk = ∂αεk + Aαkσ3εk − εkσ3Aαk, is conve-
niently separated into diagonal and non-diagonal parts,
where Aαk = T †kσ3∂αTk. The latter is responsible for
the transverse responses of the system. The details of
the calculations for the current are given in SM. Overall,
the total current is derived to be
[JO]α =
1
V
∑
kn
[Ω¯
[O]
αβ (k)]nnc1 [(σ3εk)nn]∇βχ, (8)
where c1(x) =
∫ x
0
dη η dg(η)dη , and g(η) = (e
η/T − 1)−1 is
the Bose-Einstein distribution function. We defined an
3O−Berry curvature,
Ω¯
[O]
αβ (k) = iO¯∂αT
†
kσ3∂βTk − (α↔ β) , (9)
a Berry curvature modified with an operator O¯ =
σ3T
†
kOˆTkσ3. Due to commutation relations (5), matrix
O¯ is diagonal in band index. We show there is a sum
rule
∑
n[Ω¯
[O]
αβ (k)]nn = 0 the O−Berry curvature satisfies.
Expressions (8) and (9) together with (5) and (6) are the
main results of this paper.
Single layer honeycomb antiferromagnet. We now ap-
ply our results to specific model of an antiferromagnet on
honeycomb lattice. The lattice of the system is shown in
Fig. 1. We define an exchange Hamiltonian
H = J
∑
<ij>
SiSj +D
∑
<<ij>>
νij [Si × Sj ]z . (10)
Here J > 0 is the nearest neighbor spin exchange, D is
the strength of the second-nearest neighbor spin DMI,
and νij is a sign convention defined in Fig. 1.
Let us assume there is a Neel order in the direction
perpendicular to lattice plane, z−direction. To study
magnons of the model we perform Holstein-Primakoff
transformation from spins to boson operators, SA+ =√
2S − a†aa, SAz = S − a†a, and SB+ = −
√
2S − b†bb†,
SBz = −S + b†b, and assume large S limit. As shown in
SM, the Hamiltonian describing non-interacting magnons
splits in to two blocks. The first block, call it I, is de-
scribed by ΨI = (ak, b
†
−k)
T spinor. The Fourier image of
the Hamiltonian of the first block is
HIk = JS
[
3 + ∆k −γk
−γ−k 3−∆k
]
. (11)
where we defined γk = 2e
i kx
2
√
3 cos(
ky
2 )+e
−i kx√
3 , and ∆k =
2DJ [sin(ky)−2 sin(ky2 ) cos(
√
3kx
2 )] is the DMI, and we note
∆k = −∆−k. Hamiltonian of the second block described
by ΨII = (bk, a
†
−k)
T spinor is obtained by γk → γ−k in
(11).
Let us define operator Oˆ acting in full, Ψk =
(ak, bk, a
†
−k, b
†
−k)
T, space as
Oˆ =
[
τˆ3 0
0 τˆ3
]
, (12)
where τˆ3 is third 2× 2 Pauli matrix. The density of this
operator written in real space, O(r) = 12Ψ†(r)OˆΨ(r) =
a†(r)a(r)−b†(r)b(r), is the spin density. It can be shown
that such an operator satisfies condition (5), thus the spin
density current associated with Oˆ is well defined. Let us
now calculate the spin density current as a response to
the temperature gradient. Expression for the response
is given by (8), hence we need to find eigenvalues and
calculate O−Berry curvature.
Spectrum of magnons for both blocks of the Hamilto-
nian is obtained to be
Ek = JS
(
∆k +
√
9− |γk|2
)
. (13)
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FIG. 2. (Color online) Spin Nernst conductivity αsxy, defined
after expression (15). Left: a single layer honeycomb antifer-
romagnet. Right: double layer honeycomb antiferromagnet.
Plots are given for different values of DMI.
Paraunitary matrix TIk that diagonalizes the Hamilto-
nian is readily constructed to be
TIk =
[
cosh(ξk/2)e
iχk sinh(ξk/2)
sinh(ξk/2) cosh(ξk/2)e
−iχk
]
, (14)
where sinh(ξk) = |γk|/
√
9− |γk|2, cosh(ξk) =
3/
√
9− |γk|2, and γk = |γk|eiχk . One can show that
the II block described by ΨII = (bk, a
†
−k)
T spinor has the
paraunitary matrix TIIk obtained from the TIk by setting
χk → −χk, and hence has the same O−Berry curvature
(see SM for more details). The spin density current can
then be written as
[JO]α = −
1
V
∑
k
2Ω
[O]
αβ (k) [c1(Ek)− c1(E−k)]∇βχ,
(15)
with the diagonal elements of the O−Berry curvature
written as
Ω
[O]
αβ (k) = −
3
2 (9− |γk|2)3/2
(16)
× [(∂αReγk) (∂βImγk)− (∂βReγk) (∂αImγk)] .
We observe that the current vanishes if the DMI is zero
in the system, in which case Ek = E−k. Note that the
O−Berry curvature is independent of the DMI.
Recalling the definition of χ(r), we define SNE con-
ductivity αsαβ as [JO]α = −αsαβ∇βT (r), and plot its
dependence on the temperature - see Fig. 2. We now
wish to extract analytic results in the limit of small DMI,
D < J . There are two different symmetry points, namely
Γ, and K, K′ points, in the Brillouin zone of magnons
the spin current gets major contributions from. Close to
the Γ = (0, 0) point the spectrum is ungapped and linear.
We expand all functions close to the Γ point to obtain
a low temperature, T < JS, dependence of the current.
See SM for details.
[(JO)x]Γ =
5ζ(5)
9
√
3piV
D
J
(
T
JS
)4
∇yT (r), (17)
where an estimate of Riemann zeta function is ζ(5) ≈
1. At K = (0,−4pi/3) and K′ = (0,+4pi/3) points,
40 π 2π ky
1
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3
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FIG. 3. (Color online) Magnon spectrum of 80 atoms wide
strip of honeycomb lattice antiferromagnet. Strip is in
x−direction, while y−direction is assumed infinite. The edges
of the system are of the zig-zag type. Left: Single layer with
DMI, D = 0.2J . Right: Double layer. Protected magnon
edge states occur in high energy band gap. Parameters are
chosen to be J ′ = 1.3J and D = 0.2J .
the Berry curvature has an absolute value maximum.
An analytic estimate of the current contribution from
these points at small temperatures T < JS, is ob-
tained [(JO)x]K =
9
√
3Λ2
8piV
D
J
(
JS
T
)2
e−
3JS
T ∇yT (r), where
we introduced a high limit cut-off Λ ∼ 1 for k, such
that
∑
k =
Λ2
4pi . It is straightforward to show that
[(JO)x]Γ  [(JO)x]K for small temperatures. Both con-
tributions are of the same sign which always results in
the same sign of SNE for this model irrespective of the
temperature and the strength of DMI.
The Chern number of the magnon band for the single
layer honeycomb antiferromagnet is zero (see Fig. 1). As
a result we do not observe any protected by the Chern
number edge states in the finite strip geometry with a
zig-zag edge (see Fig. 3). Nevertheless, we observe an
edge state analogous to the zero energy edge state in
fermionic model of graphene with a zig-zag or bearded
edge. The edge state connects K and K′ points which
have different in sign Berry curvatures. Such edge states
do not contribute to the SNE in the finite geometry of a
single layer honeycomb antiferromagnet.
Double layer honeycomb antiferromagnet. In another
model we consider an antiferromagnet on a double layer
honeycomb lattice (see Fig. 1). We again assume nearest
neighbor antiferromagnetic exchange interaction, second-
nearest neighbor DMI, same in both layers, and antifer-
romagnetic interaction between the layers denoted by J ′.
With the Neel order being in z−direction, we follow the
same steps, as in the previous example, and get spectrum
of spin waves
E2k±/(SJ)
2 = λ2 − |γk|2 + ∆2k − t2
± 2
√
∆2k(λ
2 − |γk|2) + t2|γk|2, (18)
here λ = 3 + t, where t = J ′/J . The spectrum and the
Berry curvature distribution is shown in Fig. 1. There
we observe that the Berry curvature is of the monopole
type located at the M points in the Brillouin zone in
contrast to the magnon Haldane-Kane-Mele model [35].
For this model the Chern numbers of the upper and
lower bands are +1 and −1, respectively, where the topo-
logical charge is 1/3 per M point. The whole band now
contributes in an additive way to SNE which results in a
much larger effect. Numerical calculations of the magnon
SNE are shown in Fig. 2. To uncover the role of the edge
states, we calculate the energy spectrum of a double-
layer strip with a zig-zag edge, see Fig. 3. The high-
energy edge states here are due to DMI, in contrast to
the single-layer model. These edge states are chiral and
are protected by the finite Chern number due to the non-
trivial topology of the bulk magnons. These edge states
are also expected to contribute to SNE conductivity in
the finite geometry [24]. The low-energy edge states are
of the same nature as in single layer honeycomb antifer-
romagnet and are not expected to contribute to SNE.
Absence of thermal Hall effect. The ther-
mal Hall coefficient is given by an expression
κxy = − 12T
∑
k
∑2N
n=1 [Ωxy(k)]nn c2 [(σ3εk)nn], where we
defined c2(x) =
∫ x
0
dη η2 dgdη . We set Oˆ = σ3 in expression
(9), to obtain the Berry curvature of the energy bands
Ωxy(k) = iσ3∂xT
†
kσ3∂yTk − (x↔ y). For an antiferro-
magnet on a single layer honeycomb lattice, the energy
states are degenerate, corresponding to the two blocks,
I and II, with opposite in sign Berry curvatures. The
two blocks correspond to two sublattices related either
by inversion I or by time-reversal T transformations.
On the other hand, the double layer antiferromagnet
in Fig. 1 is invariant under the global time reversal
symmetry if treated as a 2D system since T followed by
interchange of honeycomb layers is a symmetry. Thus,
the thermal Hall response considered in [39] vanishes for
both models in Fig. 1.
Conclusions. In this paper we theoretically studied
magnon mediated SNE in antiferromagnets. We gave a
general condition for a current to be a well-defined quan-
tity in an antiferromagnet, and then derived its response
to external temperature gradient. We showed that trans-
verse response of this current is defined by a modified
Berry curvature. In antiferromagnets with Neel order,
SNE can be driven by the Dzyaloshinskii-Moriya inter-
action and SNE is present even in systems with T I or
global T symmetries. In both cases the thermal Hall
effect is zero while SNE should change sign with the re-
versal of the Neel vector in the former case but not in the
latter case. We also identified the protected edge states
with counterpropagating magnon modes, carrying spin
but no energy.
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Note added. During the completion of the work, see
[49], we became aware of a Letter [50] that discusses SNE
in antiferromagnets. We believe the two Letters compli-
ment each other.
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6Supplemental material
In this supplementary a letter β will note two different quantities, namely direction of the temperature gradient,
and inverse temperature β = 1/T when talking about the Bose-Einstein distribution function. Letter T will stand for
temperature, transpose symbol, and a paraunitary matrix Tk.
A model of antiferromagnet
We adopt the Luttinger formalism Ref.40 to study the response of the system to the temperature gradient. Define
a Hamiltonian corresponding to a boson system with anomalous terms
H =
1
2
∫
drΨ˜†(r)Hˆ(r)Ψ˜(r), (19)
where Ψ˜(r) =
(
1 + r∇χ2
)
Ψ(r) ≡ ξ(r)Ψ(r) with ∇χ being the temperature gradient, the boson operators are Ψ†(r) =
[ν†1(r), ..., ν
†
N (r), ν1(r), ..., νN (r)], with commutation relations [νi(r), ν
†
j (r
′)] = δi,jδr,r′ . The commutation relations are
[Ψi(r),Ψ
†
j(r
′)] = (σ3)ij δr,r′ (20)
[Ψ†i (r),Ψ
†
j(r
′)] = −i (σ2)ij δr,r′ (21)
[Ψi(r),Ψj(r
′)] = i (σ2)ij δr,r′ , (22)
where
σ1 =
[
0 1N×N
1N×N 0
]
, σ2 =
[
0 −i1N×N
i1N×N 0
]
, σ3 =
[
1N×N 0
0 −1N×N
]
, (23)
are Pauli matrices acting on the extended space.
Diagonal basis
The Hamiltonian is diagonalized with a help of a matrix Tk, such that
εk = T
†
kHˆTk =
[
Ek 0
0 E−k
]
, (24)
where T †k is a paraunitary matrix, obeying
T †kσ3Tk = σ3. (25)
It is convenient to present a boson operator in terms of the modes which correspond to the diagonalized form of
the Hamiltonian. In this way, in normal modes
Ψ†k = Γ
†
kT
†
k, (26)
where
Γk =
[
γˆk
γˆ†−k
]
. (27)
In normal modes the Hamiltonian becomes
Ψ†kHˆkΨk = Γ
†
kεkΓk. (28)
It is important to derive an identity between Tk and T−k matrices. By applying a particle-hole symmetry transfor-
mation, namely
Hˆk = σ1
(
HˆT−k
)
σ1, (29)
7to the eigenvalue problem for Tk
HˆkTk = σ3Tkσ3εk, (30)
T †kHˆk = εkσ3T
†
kσ3, (31)
written in two equivalent ways, we obtain(
σ1T
T
−kσ1
)
Hˆk = εkσ3
(
σ1T
T
−kσ1
)
σ3. (32)
From where we can deduce
T †k = P
†
k
(
σ1T
T
−kσ1
)
, (33)
where Pk is a matrix obeying a paraunitarity condition
P †kσ3Pk = σ3. (34)
Another condition that can be deduced is
P †kσ3εk = εkσ3P
†
k. (35)
Since εk is diagonal, one can show Pk is a diagonal matrix with phase factors elements, i.e. (Pk)nn = e
iθkn . From it
we can conclude another identity, namely
P †kPk = 1. (36)
Holstein-Primakoff bosons
Here we review a transformation from spins to bosons, called Holstein-Primakoff transformation (for a review Ref.
47 ). For a given spin S described by a classical direction Ω, one introduces the basis vectors (e(1), e(2),Ω) such as
e(1) × e(2) = Ω. (37)
Lowering and raising operators in the reference frame of the spin is then
S± = Se(1) ± iSe(2). (38)
We then introduce Holstein-Primakoff bosons c and c† as
S+ =
(√
2S − c†c
)
c, S− = c†
(√
2S − c†c
)
, SΩ = S − c†c. (39)
Let us take two spins SA and SB, and assume that there is an arbitrary angle between them. Introduce rotation
matrices
Rθ =
 cos(θ) 0 − sin(θ)0 1 0
sin(θ) 0 cos(θ)
 , Rφ =
 cos(φ) sin(φ) 0− sin(φ) cos(φ) 0
0 0 1
 , (40)
such that SB = RφRθS
[z]
B , where S
[z]
B points in z−direction. Holstein-Primakoff transformation
SA =
 12 (S+A + S−A )1
2i (S
+
A − S−A )
SA − a†a
 , SB = RφRθ
 12 (S+B + S−B )1
2i (S
+
B − S−B )
SB − b†b
 . (41)
As an example, consider a Neel order with two sublatttices A and B such that ΩA/B = ±ez. We can write for the
A sublattice
S± = Sx ± iSy, Sz = S − a†a, (42)
8and for B sublattice
S± = −Sx ± iSy, Sz = −S + b†b. (43)
Then the exchange Hamiltonian becomes
SASB = −2
2
(
S+AS
+
B + S
−
AS
−
B
)
+ SzAS
z
B = −S(ab+ a†b†) + S(a†a+ b†b) (44)
Dzyaloshinskii-Moriya interaction
[SA × SB]z =
1
2i
(
S+AS
+
B − S−AS−B
)
= −iS(ab− a†b†) (45)
[SA1 × SA2]z =
1
2i
(
S−A1S
+
A2 − S+A1S−A2
)
= −iS(a†1a2 − a†2a1) (46)
[SB1 × SB2]z =
1
2i
(
S−B1S
+
B2 − S+B1S−B2
)
= iS(b†1b2 − b†2b1) (47)
Current
In deriving the following identities, we assume a system to be on a lattice, such that the Hamiltonian density acts
on the operators as HˆΨ(r) =
∑
δHδΨ(r + δ), where δ is a distance between sites on the lattice.
Let us define an arbitrary operator Oˆ, and demand from this Oˆ to not have translation operators in its definition,
i.e. it should commute with the position operator. The density of such an operator is
O(r) = 1
2
Ψ†(r)OˆΨ(r), (48)
which can, for example, correspond to density of magnons or spin density. Let us then calculate the time evolution
of this operator
∂O(r)
∂t
= i[H,O(r)]. (49)
The commutator written in the band index
[H,O(r)] = −1
4
∑
δ
∫
dr′
[
Ψ†n(r)Oˆnn′Ψn′(r)Ψ˜
†
m(r
′)(Hδ)mkΨ˜k(r′ + δ)− Ψ˜†m(r′)(Hδ)mkΨ˜k(r′ + δ)Ψ†m(r)Oˆnn′Ψn′(r)
]
= −1
2
∑
δ
{
Ψ†n(r)Oˆnn′ (σ3)n′m [ξ(r)Hδξ(r + δ)]mkΨk(r + δ)−Ψ†m(r− δ)[ξ(r− δ)Hδξ(r)]mk(σ3)knOˆnn′Ψn′(r)
}
= −1
2
∑
δ
[
Ψ˜†(r)Oˆσ3HδΨ˜(r + δ)− Ψ˜†(r− δ)Hδσ3OˆΨ˜(r)
]
= i
1
2
∇Ψ˜†(r)
(
vˆσ3Oˆ + Oˆσ3vˆ
)
Ψ˜(r)− 1
2
Ψ˜†(r)
(
Oˆσ3Hˆ − Hˆσ3Oˆ
)
Ψ˜(r), (50)
we observe that for the current of the operator Oˆ to be well defined, condition Oˆσ3Hˆ − Hˆσ3Oˆ = 0 must be satisfied
by the operator. We defined velocity as v = i
∑
δ δHδe
ipˆδ = i [H, r]. We can use the mentioned above commutation
to show that vˆσ3Oˆ = Oˆσ3vˆ. The current then will be a well defined quantity, equal to
jO = Ψ˜
†(r)Oˆσ3vˆΨ˜(r). (51)
We will show that for Neel order operator Oˆ might correspond to spin density.
9Response to temperature gradient
Let us assume we defined such an operator Oˆ that satisfies the condition. We split the current in to two parts
j
[0]
O = Ψ
†(r)Oˆσ3vˆΨ(r), (52)
and
j
[1]
O =
1
2
Ψ†(r)Oˆσ3 (rβvˆ + vˆrβ) Ψ(r)∇βχ. (53)
In the following we will omit the O index from the current for the sake of simplicity. We will be working with the
macroscopic quantities, such as J[0] = 1V
∫
drj[0](r) and J[1] = 1V
∫
drj[1](r), where V is the volume of the system.
When calculating the current we need to consider
Jα =
〈
J [0]α
〉
ne
+
〈
J [1]α
〉
eq
, (54)
currents. The first current,
〈
J
[0]
α
〉
ne
, is estimated over the non-equilibrium states, whose evolution operator is defined
by the perturbing Hamiltonian. It’s expression will be derived via Kubo formula. The second current,
〈
J
[1]
α
〉
eq
, is
estimated over the equilibrium states. We will refer to this current as magnetization driven.
Time ordered averages over the equilibrium state of the system are performed via the following rules for the diagonal
basis boson operators: 〈
Tτγ
†
kn(τ
′ + τ)γk′m(τ ′)
〉
= δn,mδk,k′g[(εk)nn]e
τ(εk)nn , (55)
〈
Tτγkn(τ
′ + τ)γ†k′m(τ
′)
〉
= −δn,mδk,k′g[−(εk)nn]e−τ(εk)nn , (56)
where g() = (eβ − 1)−1 is the Bose-Einstein distribution function with β = 1/T , and where for τ > 0 the time
ordering is already satisfied. An identity
g() + 1 =
1
eβ − 1 + 1 = −
1
e−β − 1 = −g(−) (57)
was used in deriving the averages.
Kubo formula
An average of J[0] over the non-equilibrium states can be conveniently captured with a help of Kubo formula. A
goal of this section is to derive an expression for Sαβ , which enters the Kubo formula as follows. We write for the
currents α component 〈
J [0]α
〉
ne
= − lim
ω→0
∂
∂ω
∫ 1/T
0
dτeiωτ
〈
TτJ
[0]
α (τ)J
Q
β (0)
〉
≡ 1
V
Sαβ∇βχ, (58)
where ω = 2pin/T is boson Matsubara frequency, V is the volume of the system, and where JQβ is a current de-
fined as follows. We define Hamiltonian densities h0 =
1
2Ψ
†(r)HˆΨ(r) and h′(r) = 12Ψ
†(r)
(
rβHˆ + Hˆrβ
)
Ψ(r)∇βχ,
corresponding to unperturbed and perturbing Hamiltonians. The current which enters the Kubo formula is defined
through a commutator
∂h′(r)
∂t
=
i
h¯
∫
dr′ [h0(r′), h′(r)]
=∇1
2
[
Ψ†(r)
(
Hˆσ3rβvˆ + vˆrβσ3Hˆ
)
Ψ(r)
]
∇βχ− 1
4
Ψ†(r)
(
Hˆσ3vˆβ + vˆβσ3Hˆ
)
Ψ(r)∇βχ, (59)
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which we integrate over the space, and obtain∫
dr
∂h′(r)
∂t
= −1
4
∫
drΨ†(r)
(
Hˆσ3vˆβ + vˆβσ3Hˆ
)
Ψ(r)∇βχ ≡ −
∫
drjQβ ∇βχ ≡ −JQβ ∇βχ. (60)
We define Sαβ as follows
Sαβ = −1
4
lim
ω→0
∂
∂ω
∫ 1/T
0
dτeiωτ
∑
kk′
〈
Ψ†k(τ)Oˆσ3vαkΨk(τ)Ψ
†
k′(0) [Hk′σ3vβk′ + vβk′σ3Hk′ ] Ψk′(0)
〉
= −1
4
lim
ω→0
∂
∂ω
∫ 1/T
0
dτeiωτ
〈
Γ†k(τ)V˜αkΓk(τ)Γ
†
k′(0) (εk′σ3v˜βk′ + v˜βk′σ3εk′) Γk′(0)
〉
, (61)
where V˜αk = T
†
kOˆσ3vαkTk. The average of the boson operators over the equilibrium state of the system is〈
Γ†k,n(τ)Γk,m(τ)Γ
†
k′,t(0)Γk′,p(0)
〉
=
〈
Γ†k,n(τ)Γ
†
k′,t(0)
〉
〈Γk,m(τ)Γk′,p(0)〉+
〈
Γ†k,n(τ)Γk′,p(0)
〉〈
Γk,m(τ)Γ
†
k′,t(0)
〉
, (62)
where correlators with the same time, and hence which are disconnected, vanish. Explicit expressions of the resulting
pair correlators are as follows,〈
Γ†k,n(τ)Γ
†
k′,t(0)
〉
= δk,−k′δn,t−NΘ(N − n)Θ(t−N)g(εk,n)eεk,nτ
− δk,−k′δn,t+NΘ(n−N)Θ(N − t)g(−ε−k,n)e−ε−k,nτ
= iδk,−k′ (σ2)nt g[(σ3εk)nn]e
(σ3εk)nnτ , (63)
〈Γk,m(τ)Γk′,p(0)〉 = −δk,−k′δm,p−NΘ(N −m)Θ(p−N)g(−εk,m)e−εk,mτ
+ δk,−k′δp,m−NΘ(m−N)Θ(N − p)g(ε−k,m)eε−k,mτ
= −iδk,−k′ (σ2)mp g[−(σ3εk)mm]e−(σ3εk)mmτ , (64)
〈
Γ†k,n(τ)Γk′,p(0)
〉
= δn,pδk,k′Θ(N − n)Θ(N − p)g(εk,n)eεk,nτ
− δn,pδk,k′Θ(n−N)Θ(p−N)g(−ε−k,n)e−ε−k,nτ
= δk,k′ (σ3)np g[(σ3εk)nn]e
(σ3εk)nnτ , (65)
〈
Γk,m(τ)Γ
†
k′,t(0)
〉
= −δm,tδk,k′Θ(N −m)Θ(N − t)g(−εk,m)e−εk,mτ
+ δm,tδk,k′Θ(m−N)Θ(t−N)g(ε−k,m)eε−k,mτ
= −δk,k′ (σ3)mt g[− (σ3εk)mm]e−(σ3εk)mmτ , (66)
where g(η) = (eη/T − 1)−1 is the Bose-Einstein distribution function. We then obtain
Sαβ = −1
4
lim
ω→0
∂
∂ω
∫ 1/T
0
dτeiωτ
∑
kk′
(V˜αk)nm (εk′σ3v˜βk′ + v˜βk′σ3εk′)tp
×
[
δk,−k′ (σ2)nt (σ2)mp − δk,k′ (σ3)np (σ3)mt
]
g[(σ3εk)nn]g[−(σ3εk)mm]e(σ3εk)nnτe−(σ3εk)mmτ . (67)
Integrate over time (recall that ω is a bosonic Matsubara frequency)∫ 1/T
0
eiωτe(σ3εk)nnτe−(σ3εk)mmτ =
e(σ3εk)nn/T e−(σ3εk)mm/T − 1
iω + (σ3εk)nn − (σ3εk)mm
. (68)
An identity
−
[
e(σ3εk)nn/T e−(σ3εk)mm/T − 1
]
g[(σ3εk)nn]g[− (σ3εk)mm] = g[(σ3εk)nn]− g[(σ3εk)mm] (69)
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is certainly useful. We then get
Sαβ =
1
4
lim
ω→0
∂
∂ω
∑
kk′
(V˜αk)nm (εk′σ3v˜βk′ + v˜βk′σ3εk′)tp[
δk,−k′ (σ2)nt (σ2)mp − δk,k′ (σ3)np (σ3)mt
] g[(σ3εk)nn]− g[(σ3εk)mm]
iω + (σ3εk)nn − (σ3εk)mm
. (70)
Let us focus on the δk,−k′σ2σ2 of the Kubo formula, and show it doubles the δk,k′σ3σ3 term. We use T
†
k =
P †k(σ1T
T
−kσ1) and Hk = σ1H
T
−kσ1 relations to show
v˜β,−k = −T †−k (∂βH−k)T−k = −P †−k
[
σ1T
†
kσ1
(
∂βH
T
−k
)
σ1Tkσ1
]T
P−k
= −P †−kσ1
[
T †k (∂βHk)Tk
]T
σ1P−k = −P †−kσ1v˜Tβkσ1P−k. (71)
With that and ε−k = σ1εkσ1 we show
(ε−kσ3v˜β,−k + v˜β,−kσ3ε−k)tp (σ2)nt (σ2)mp = −
(
σ3Pkv˜βkP
†
kεk + εkPkv˜βkP
†
kσ3
)
mn
, (72)
where we used (ΛT)nm = Λmn, and σ1P
∗
−kσ1 = P
†
k identities. By redefining the Tk matrix as
T˜k = TkP
†
k (73)
we get
−
(
σ3Pkv˜βkP
†
kεk + εkPkv˜βkP
†
kσ3
)
mn
= − (σ3v¯βkεk + εkv¯βkσ3)mn , (74)
where now
v¯βk = T˜
†
k (∂βHk) T˜k (75)
We could have from the very beginning chosen such a Tk in the δk,−k′σ2σ2 term of the Kubo formula that all Pk
matrices get absorbed. Hence the δk,−k′σ2σ2 term of the Kubo formula doubles the δk,k′σ3σ3 term.
Taking a derivative with respect to ω and then setting ω = 0, we get
Sαβ =
i
2
∑
kn
(V˜αk)nm (εkσ3v˜βk + v˜βkσ3εk)mn (σ3)nn (σ3)mm
g[(σ3εk)nn]− g[(σ3εk)mm]
[(σ3εk)nn − (σ3εk)mm]2
(76)
Finally, after all transformation, one obtains for the transverse part of the Kubo formula
S
[B]
αβ =
i
2
∑
kn
∫ +∞
−∞
dηg(η)
[
O¯∂αT
†
kσ3 (η + σ3Hk) ∂βTk
]
nn
δ [η − (σ3εk)nn]− (α↔ β) , (77)
here O¯ = σ3T
†
kOˆTkσ3, and index B stands for the Berry curvature contribution, i.e. transverse part of the Kubo
formula.
Magnon orbital magnetization part
In Fourier space, the magnetization part of the current is given by
J [1]α =
1
2V
Tr
∑
k
σ3Oˆσ3 (rβvαk + vαkrβ) g(σ3εk)∇βχ ≡ 1
V
Mαβ∇βχ. (78)
Our goal now is to derive an expression for Mαβ . For that, following Smrcka and Streda Ref. 48 and adopting
calculations from Ref. 39, we introduce two helpful functions
Aαβ(η) = iTr
[
σ3Vαk
dG+
dη
σ3vβkδ(η − σ3Hk)− σ3Vαkδ(η − σ3Hk)σ3vβk dG
−
dη
]
, (79)
Bαβ(η) = iTr
[
σ3VαkG
+σ3vβkδ(η − σ3Hk)− σ3Vαkδ(η − σ3Hk)σ3vβkG−
]
, (80)
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where G± = (η± − σ3Hk)−1 is the Green function where η± = η ± 0, and where we defined Vαk = Oˆσ3vαk. It is
straightforward to show
Aαβ(η)− 1
2
dBαβ(η)
dη
=
1
2pi
Tr
{
σ3Oˆ
[
xαxβ
(
G+ −G−)− xα (G+ −G−)xβ]}
− i
4pi
Tr
{
σ3Vαk
[
(G+)2 − (G−)2]xβ + σ3Vαkxβ [(G+)2 − (G−)2]} , (81)
where we used vαk = i[xα, σ3 (G
±)−1] and Oˆσ3Hˆ = Hˆσ3Oˆ assumption. Identities
G+ −G− = −2piiδ (η − σ3Hk) , (82)
(G+)2 − (G−)2 = 2pii d
dη
δ (η − σ3Hk) , (83)
G± = Tkσ3
1
η± − σ3εkT
†
kσ3, (84)
are then used to obtain
Aαβ(η)− 1
2
dBαβ(η)
dη
= −2iTr
{
σ3Oˆ [xαxβδ (η − σ3Hk)− xαδ (η − σ3Hk)xβ ]
}
+
1
2
Tr
[
σ3Vαk
d
dη
δ (η − σ3Hk)xβ + σ3Vαkxβ d
dη
δ (η − σ3Hk)
]
. (85)
The first line vanishes due to [xα, xβ ] = 0. We can deduce that operator O¯ = σ3T
†
kOˆTkσ3 is diagonal. That
can be seen from the commutation relation O¯εkσ3 = σ3εkO¯, which in the diagonal basis are rewritten as
O¯nm [(εkσ3)mm − (εkσ3)nn] = 0. We can deduce another two useful identities,
v˜αkO¯ = σ3O¯v˜αkσ3, (86)
O¯∂αT
†
k = σ3∂αT
†
kOˆσ3. (87)
An expression for the velocity written in the diagonal basis
(v˜αk)nm = (∂αεk)nm + (Aαk)nm [(σ3εk)mm − (σ3εk)nn] , (88)
where Aαk = T †kσ3∂αTk, will be used in the following derivations. It is necessary to explicitly write down an expression
for the Berry curvature part of Aαβ as
A
[B]
αβ(η) = −i
∑
n
(
O¯∂αT
†
kσ3∂βTk
)
nn
δ [η − (σ3εk)nn]− (α↔ β), (89)
and a Berry curvature part of the Bαβ as
B
[B]
αβ (η) = i
∑
n
[
O¯∂αT
†
kσ3 (η − σ3Hk) ∂βTk
]
nn
δ [η − (σ3εk)nn]− (α↔ β) . (90)
For bounded spectrum, we derive a sum rule∫ ∞
−∞
dη
[
Aαβ(η)− 1
2
dBαβ(η)
dη
]
=
∑
n
(
O¯∂αT
†
kσ3∂βTk
)
nn
− (α↔ β) = 0. (91)
It can then be shown that the Mαβ is expressed through Aαβ and Bαβ as
Mαβ =
∑
k
∫ ∞
−∞
dη˜
[
Aαβ(η˜)− 1
2
dBαβ(η˜)
dη˜
] ∫ η˜
0
dηg(η)
= −i
∑
kn
∫ ∞
−∞
dη˜
(
O¯∂αT
†
kσ3∂βTk
)
nn
δ [η˜ − (σ3εk)nn]
∫ η˜
0
dηg(η)
+
i
2
∑
kn
∫ ∞
−∞
dη˜
[
O¯∂αT
†
kσ3(η˜ − σ3Hk)∂βTk
]
nn
g(η˜)δ [η˜ − (σ3εk)nn] (92)
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Overall response
Overall response of the current on the temperature gradient is summarized as Jα =
1
V Lαβ∇βχ, where
Lαβ = Sαβ +Mαβ =
∑
kn
[
Ω¯
[O]
αβ (k)
]
nn
∫ (σ3εk)nn
0
dηη
dg(η)
dη
, (93)
where
Ω¯
[O]
αβ (k) = iO¯∂αT
†
kσ3∂βTk − (α↔ β) (94)
is the Berry curvature with an operator O¯, dub it O−Berry curvature. As was shown above, the Berry curvature
must satisfy TrΩ¯
[O]
αβ (k) = 0 sum rule.
A model
Here we introduce a model of an antiferromagnet on honeycomb lattice. Assume that the Neel order is in z−
direction, and allow second nearest neighbor Dzyaloshinskii-Moriya interaction. The Hamiltonian is
H = J
∑
<ij>
SiSj +D
∑
<<ij>>
νij [Si × Sj ]z . (95)
Upon Holstein-Primakoff transformation, performing Fourier transformation, we arrive at a Hamiltonian
Hk = JS

3 + ∆k 0 0 −γk
0 3 + ∆k −γ−k 0
0 −γk 3−∆k 0
−γ−k 0 0 3−∆k
 , (96)
with a spinor Ψk = (ak, bk, a
†
−k, b
†
−k)
T. We defined γk =
∑
i e
ikτi where τ1 =
1
2 (
1√
3
, 1), τ2 =
1
2 (
1√
3
,−1), and
τ3 =
1√
3
(−1, 0), hence
γk = 2e
ikx
1
2
√
3 cos
(
ky
2
)
+ e
−ikx 1√3 . (97)
We then defined ∆k = 2∆ [− sin(ka1) + sin(ka2) + sin(ka1 − ka2)], where ∆ = D/J , and a1 = 12 (
√
3, 1), and a2 =
1
2 (
√
3,−1), and we get
∆k = 2∆
[
sin(ky)− 2 sin
(
ky
2
)
cos
(√
3kx
2
)]
, (98)
hence ∆k = −∆−k. We define spin density operator
Oˆ =
[
τˆ3 0
0 τˆ3
]
, (99)
where τˆ3 is third 2× 2 Pauli matrix. It can be easily checked that this operator satisfies Hˆσ3Oˆ− Oˆσ3Hˆ = 0 condition
for existence of a well defined current.
For the block I described by
ΨI =
[
ak
b†−k
]
(100)
spinor the Hamilonian is
HIk = JS
[
3 + ∆k −γk
−γ−k 3−∆k
]
(101)
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FIG. 4. Schematics of the graphene layer parametres for the tight-binding model.
Upon diagonalization of the Hamiltonian, we get the spectrum
Ek = JS
(
∆k +
√
9− |γk|2
)
(102)
with corresponding eigenfunctions
ΨI+ =
[
cosh(ξk/2)e
iχk
sinh(ξk/2)
]
, ΨI− =
[
sinh(ξk/2)
cosh(ξk/2)e
−iχk
]
, (103)
where γk = |γk|eiχk , and
sinh(ξk) =
|γk|
k
, cosh(ξk) =
3
k
, (104)
in which k =
√
9− |γk|2 was defined. To be specific, the eigenvector ΨI+ corresponds to Ek eigenvalue, while ΨI−
to E−k. Matrix TIk is readily constructed to be
TIk =
[
cosh(ξk/2)e
iχk sinh(ξk/2)
sinh(ξk/2) cosh(ξk/2)e
−iχk
]
. (105)
It can be checked that indeed
T †kHkTk =
[
Ek 0
0 E−k
]
, (106)
as defined above.
The O-Berry curvature for the I block of the Hamiltonian is(
Ω¯
[O]
αβ
)
I
= iO¯I
(
∂αT
†
Ik
)
τ3 (∂βTIk)− (α↔ β). (107)
It can be shown that O¯I = τ3T
†
IkOˆITIkτ3 = τ3, hence(
Ω¯
[O]
αβ
)
I
= iτ3
(
∂αT
†
Ik
)
τ3 (∂βTIk)− (α↔ β). (108)
For the sake of calculating the current, we will be needing only the diagonal parts of the curvature. The two diagonal
elements are expressed by{(
Ω¯
[O]
αβ
)
I
}
11
= −
{(
Ω¯
[O]
αβ
)
I
}
22
≡ Ω[O]αβ = −
1
2
sinh(ξk) [∂βχk∂αξk − ∂αχk∂βξk] . (109)
Using following identities
∂αχk =
1
|γk|2 (Reγk∂αImγk − Imγk∂αReγk) , (110)
∂αξk =
3
2k
∂α|γk|, (111)
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we show
∂βχk∂αξk − ∂αχk∂βξk (112)
=
3
2k|γk|
[(∂αReγk) (∂βImγk)− (∂βReγk) (∂αImγk)] , (113)
such that final general expression for the O−Berry curvature diagonal elements is
Ω
[O]
αβ = −
3
23k
[(∂αReγk) (∂βImγk)− (∂βReγk) (∂αImγk)] . (114)
Second, II, block of the Hamiltonian can be obtained by a straightforward replacement of χk → −χk in the results
above and recalling that O¯II = −τ3. That does not change the Berry curvature for the II block comparing to the one
obtained for the I block. The Berry curvature is plotted in Fig. [5].
We are now in position to derive the spin current. A general expression is given by
[JO]α = −
2
V
∑
k
Ω
[O]
αβ (k) [c1(Ek)− c1(E−k)]∇βχ, (115)
where c1(x) =
∫ x
0
dη η dg(η)dη , where g(η) =
(
eβη − 1)−1 is the Bose-Einstein distribution function with β = 1/T , and
V is the volume of the system. It is the asymmetry between the Ek and E−k that results in non-zero spin Nernst
current. We would like to extract some analytic results.
FIG. 5. (Color online)Berry curvature of a single layer honeycomb antiferromagnet. The DMI does not affect the Berry
curvature.
Γ point
We note that since the Γ = (0, 0) point is not gapped, it will contribute the most to the spin current at low
temperatures. We again consider only the I block. We then expand all functions entering the current close to Γ point
in small k as
∆k ≈ 1
4
∆ky
(
3k2x − k2y
)
(116)
Reγk ≈ 3− 1
4
k2, (117)
Imγk ≈ 1
24
√
3
kx
(
k2x − 3k2y
)
, (118)
k ≈
√
3
2
k. (119)
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Using all these expansions, with
∂xReγk∂yImγk − ∂yReγk∂xImγk =
√
3
48
ky(3k
2
x − k2y) (120)
we can write down an expression for the Berry curvature diagonal elements
Ω[O]xy = −
√
2
48k3
ky(3k
2
x − k2y). (121)
One can check that the second, II, block of the Hamiltonian doubles the results of the I block studied. Note that the
Berry curvature does not depend on the Dzyaloshinskii-Moriya strength and is a property of a honeycomb lattice.
Integral of the Berry curvature over the Brillouin zone vanishes. The current is then
Jx = − 2
V
∑
k
Ω[O]xy (k) [c1(Ek)− c1(E−k)]∇yχ. (122)
Assuming small DMI, D < J , we approximate
c1(Ek)− c1(E−k) =
∫ Ek
E−k
dη η
dg(η)
dη
≈ 2(JS)∆kk dg(JSk)
dk
, (123)
and with a help of ∫ ∞
0
zx−1
ez − 1dz = Γ(x)ζ(x), (124)
where Γ(x) = (x− 1)! is the Euler gamma function, and ζ(x) is the Riemann zeta function, we get for the current
(Jx)Γ = −
5ζ(5)
9V
√
3pi
SD
(
T
JS
)5
∇yχ = 5ζ(5)
9V
√
3pi
D
J
(
T
JS
)4
∇yT (r), (125)
with an estimate ζ(5) ≈ 1.
K′ and K points
Let us study the spectrum close to K′ =
(
0, 4pi3
)
(∆k)K′ ≈ ∆
[
−3
√
3 +
3
√
3
4
k2
]
(126)
(γk)K′ ≈ −
√
3
2
(ky + ikx), (127)
(E±k/JS)K′ ≈ 3∓ 3
√
3∆− 1
8
k2 ±∆3
√
3
4
k2. (128)
The Berry curvature for the I block at K′ point is[
Ω[O]xy (k)
]
K′
=
9
8
(√
9− 34k2
)3 ≈ 124 (129)
At K =
(
0,− 4pi3
)
point we expand as
(∆k)K ≈ −∆
[
−3
√
3 +
3
√
3
4
k2
]
(130)
(γk)K ≈
√
3
2
(ky − ikx), (131)
(E±k/JS)K ≈ 3± 3
√
3∆− 1
8
k2 ∓∆3
√
3
4
k2. (132)
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FIG. 6. (Color online)Evolution of the high energy edge states with increasing the interlayer coupling between the layers J ′.
DMI strenght is D = 0.2J .
The Berry curvature for the I block at K point is[
Ω[O]xy (k)
]
K
= − 9
8
(√
9− 34k2
)3 ≈ − 124 . (133)
The Berry curvature for the II block is the same of the that of the I block. It can be deduced that the current is
(Jx)K =
4
V
∑
k
[
Ω[O]xy (k)
]
K
{c1 [(E−k)K]− c1 [(Ek)K]}∇yχ, (134)
assuming a small DMI, i.e. ∆ = DJ < 1, and expanding in ∆, we get for the current
(Jx)K = −
3
√
3Λ2
8V pi
SD
(
3JS
T
e−
3JS
T
)
∇yχ = 9
√
3Λ2
8V pi
D
J
(
JS
T
)2
e−
3JS
T ∇yT (r), (135)
where we introduced a high limit cut-off Λ ∼ 1 on k, such that ∑k ≈ Λ24pi and we summed over all K points.
B model
We study an antiferromagnet on a double layer honeycomb lattice. The Hamiltonian of the first block is given as
H = JS

λ+ ∆k −γk 0 t
−γ−k λ−∆k t 0
0 t λ−∆k −γ−k
t 0 −γk λ+ ∆k
 , (136)
and is described by a Ψk = (a1k, b
†
1,−k, b2k, a
†
2,−k)
T spinor, and we have defined λ = 3 + t, where t = J ′/J . The
spectrum is derived
E2k±/(JS)
2 = λ2 − |γk|2 + ∆2k − T 2 ± 2
√
∆2k(λ
2 − |γk|2) + t2|γk|2. (137)
In case of zero DMI, ∆ = 0, spectrum is
E2k±/(JS)
2 = λ2 − t2 ± 2t|γk|. (138)
At energy E±k/JS =
√
λ2 − t2 there is a linear band touching at K′ and K points, where γk ≈ ∓
√
3
2 (∓ky − ikx)
correspondingly. When the DMI is added, the K′ and K points get gapped. To see that, we set γk = 0, we then get
Ek±/JS =
√
(λ± |∆k|)2 − t2. (139)
There is not much one can do analytically for this model. To study the evolution of high-energy edge states we plot
the spectrum of a strip of double honeycomb antiferromagnet on Fig. [6] .
